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Objective: Arterial stiffness is a key predictor of cardiovascular mortality. This study utilizes a physics-informed
neural network (PINN) model to estimate spatially varying arterial stiffness by leveraging ultrasound-based Pulse
Wave Imaging (PWI) and Vector Flow Imaging (VFI).
Methods: The PWI and VFI frameworks provide high-frame-rate wall displacement and blood flow velocity data,
which are incorporated into a PINN constrained by linearized 1D differential equations modeling pulse wave
propagation in heterogeneous vessels. The model was validated using in-silico simulations and physical plaque
phantoms.
Results: The proposed PINN model effectively captured variations in localized compliance, which is indicative of
arterial wall stiffness, in both in-silico and phantom experiments, and remained robust under varying inlet and
outlet boundary conditions. Notably, incorporating flow velocity data enhanced reconstruction accuracy by
13.84% over displacement-only methods. The approach yielded low bias in homogeneous cases (1.41%), with
higher biases for stiffer (3.95%) and softer (8.10%) plaque scenarios, mainly due to limitations in the 1D modeling
and lack of explicit boundary condition integration.
Conclusion: The findings presented herein indicate the PINN framework has strong potential for non-invasive
assessment of focal arterial stiffness, such as in atherosclerotic plaques. Future work aims to include nonlinear vas-
cular dynamics and extend the model to 2D or 3D to better capture complex blood flow behavior seen in stenotic
arteries.
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Introduction

Cardiovascular diseases (CVDs) are a leading cause of global mortal-
ity, with arterial stiffness serving as a predictor of cardiovascular events
and enhancing diagnostic accuracy, particularly in assessing the carotid
artery’s mechanical properties. Given its accessibility and clinical rele-
vance because of the part of the central arterial system, understanding
localized stiffness variations in the carotid artery is essential for early
diagnosis and management of cardiovascular conditions [1,2]. Among
the parameters used to assess arterial stiffness, Pulse Wave Velocity
(PWV) is widely recognized for its robustness and reliability [3].

Applanation tonometry is a technique that measures pulse pressure
at two temporally synchronized locations, typically the femoral and
carotid arteries. By analyzing the time delay and distance between these
sites, the average PWV can be estimated [4]. Additionally, empirically
derived transfer functions are employed to compare pressure waveforms
recorded at different anatomical sites [5]. These global estimates of
PWV have become a standard clinical indicator of arterial stiffness, uti-
lized in a variety of medical applications. However, common vascular
pathologies, such as atherosclerotic plaques and abdominal aortic aneur-
ysms (AAAs), cause focal changes in vessel properties, making localized
estimation of vascular wall elastic properties crucial for accurate disease
characterization [6,7]. Improved estimation of spatially varying arterial
properties can enhance predictions of rupture risks, potentially reducing
unnecessary surgeries in stable cases and ensuring timely interventions
for vulnerable cases.

To characterize rupture risk, magnetic resonance imaging (MRI) is
currently considered the gold standard for assessing carotid plaque
vulnerability due to its high sensitivity in detecting histological fea-
tures associated with vulnerability. However, its application is lim-
ited by time constraints, contraindications, and costs [8], as well as
a maximum in vivo resolution of 0.7 mm (isotropic) when using
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dedicated coils [9]. Recent advancements have also highlighted the
integration of photoplethysmography (PPG) for assessing arterial
stiffness metrics [10,11]. While PPG provides reliable information on
vascular function, particularly regarding blood flow at the peripheral
arteries, its effectiveness is limited by its shallow penetration depth
for the central arteries.

In contrast, ultrasound is a reliable plaque detection technique for
evaluating stenosis degree, plaque morphology, and it is already widely
used in stroke risk assessment [8]. Additionally, ultrasound offers at
least twice the resolution of MRI. Recently, emerging ultrasound techni-
ques have been developed to directly assess the mechanical properties
(stiffness) of plaques in addition to their morphological features. Among
these techniques, shear wave elastography [12,13] excites the arterial
wall by applying an external mechanical force, either through acoustic
radiation force (ARF) or an external vibrator, and subsequently tracks
shear wave speed to compute arterial stiffness. While effective for
straight arteries [14,15], shear wave elastography faces challenges in
stenotic cases particularly in the stiffer plaques due to the reduction of
displacement amplitude leading to low signal-to-noise ratio to track
shear wave propagation when interacting with plaques of higher stiff-
ness [16−18]. To address this challenge, researchers have explored on-
axis ARF-based approaches, such as Acoustic Radiation Force Impulse
(ARFI), specifically for carotid atherosclerosis plaques [19]. Addition-
ally, there are strain-based ultrasound measurement techniques that
employ strain elastograms, homodyned-K, and Nakagami parameter
maps to detect regions of fibrous tissue, lipid, and calcification [20]. In
addition to the non-invasive ultrasound techniques, there are intravascu-
lar ultrasound (IVUS) approaches to vascular strain imaging that offers
much higher spatial resolution, albeit at the cost of invasiveness and
have been used to measure differential strain exhibited by various pla-
que components, aiding in the identification of fibrous, lipid, and calci-
fied regions [21−23].

In contrast, pulse wave imaging (PWI), noninvasively estimates vas-
cular wall motion induced by the natural pulsatile motion of the artery
resulting from blood flow [24−30]. Recent studies on experimental
phantoms [31,32] have demonstrated that changes in pulse wave veloc-
ity can effectively differentiate between various stiffness constituents of
plaques. Additionally, a 2D cross-correlation approach in vector flow
imaging (VFI) was pioneered and reported by employing RF-based flow
estimation with SVD filtering to provide blood flow patterns and the
respective arterial characteristics [33,34].

In recent years, while there have been efforts applying inverse prob-
lem approaches towards improving ultrasound imaging-based
approaches [35−39], there have been studies applying Inverse Problem
to estimating the mechanical properties of the underlying soft tissues
that can be found in a review article which highlights various cases,
ranging from bulk tissues such as the liver and breast to vascular phan-
toms mimicking coronary arteries [40]. One such approach is the pulse
wave inverse problem (PWIP) [41] which estimates the arterial wall
compliance by fitting a computational model of pulse wave propagation
to the measured data of wall motion. While there is an analytical expres-
sion (Moens-Korteweg equation [42]) to link arterial stiffness (inverse
of compliance) and the pulse wave velocity for straight homogenous
artery that yields a single value of arterial compliance over a cardiac
cycle, the PWIP approach circumvents the assumptions inherent in this
model. Instead, it iteratively adjusts the estimated displacement from
the model to align with the measured displacement, thereby generating
a compliance map across the entire lateral length of the ultrasound
transducer as opposed to a single value obtained with the analytical
approach. This is particularly useful in complex heterogeneous cases,
such as stenotic arteries, where assumptions such as wall homogeneity
across lateral length become invalid. Furthermore, by integrating the
VFI framework, we can incorporate the flow estimation into the PWIP
approach, thereby correcting compliance estimates for both anatomical
and flow effects. While arterial wall motion and flow velocity can serve
as independent imaging biomarkers, they are inter-dependent and
2

affected by boundary conditions. In contrast, arterial compliance is
intrinsically linked to mechanical properties and remains independent
of geometry and boundary conditions. Therefore, by utilizing both wall
motion and flow velocity together in an inverse problem framework to
estimate arterial wall compliance, outliers are less likely than when con-
sidering only wall motion. The PWIP has previously been shown to be
robust against reflections, whereas wave-based tracker (pulse wave
velocity) might be impacted [41]. This remains the case when flow is
included, which is particularly beneficial in cases with significant reflec-
tions, such in the case of stenosis. One way to solve this complex prob-
lem is use of a 3D fluid-structure interaction (FSI) model, such as the
coupled Eulerian-Lagrangian method [43]. However, obtaining a single
solution from these 3D FSI models is far more computationally costly,
rendering them impractical for inverse problem approaches [41,44].

To address this, one of our previous studies [41] has utilized one-
dimensional (1D) pulse wave propagation equations within a finite-dif-
ference-based framework and a gradient-based optimization setting for
the inverse problem. This method, however, requires precise knowledge
of the inlet and outlet boundary conditions, as it solves the governing
differential equations in the conventional manner. Recently, a physics-
informed neural network (PINN) based inverse model has been used by
our group [45,46], which integrates both PWI and VFI-measured wall
displacement and fluid flow measurements. The feasibility of this model
has been investigated using PWI and VFI measurements in swine and
humans for homogenous cases with straight geometry. A similar PINN-
based model has been utilized in [47] to estimate both pressure and
compliance for the straight and homogenous arteries and verified the
framework with findings from the FIELD-II simulations. However, the
PINN model presented in this work considered spatially down-sampled
data by a factor of 8 to address the GPU-memory constraint leading to
coarser lateral resolution. This limitation is particularly critical when
analyzing stenotic arteries, where significant changes in wall motion
and flow velocity occur within the plaque region. Such coarse lateral res-
olution is insufficient to accurately capture these localized variations,
especially when the plaque length is in the order of 10 mm.

In this work, we extended the PINN model proposed by [45−47] to
the cases of stenotic arteries with varying plaque stiffness and length for
localized compliance assessment. We also demonstrated the robustness
of the PINN model in addressing unknown inlet and outlet boundary
conditions, as well as its effectiveness when utilizing only wall motion
data compared to scenarios where both wall motion and flow velocity
data are considered. The feasibility of the model was validated through
both in silico simulations and phantom experiment data. Note that this
work built upon a study presented at the IEEE 2024 Ultrasonics, Ferro-
electrics, and Frequency Control Joint Symposium (UFFC-JS) [48].
Materials and methods

Pulse wave inverse problem

The pulse wave inverse problem (PWIP) is an approach designed to
recover unknown vessel properties by fitting parameters from a compu-
tational model to measured data using optimization methods. In this
context, the computational model consists of linearized partial differen-
tial equations governing one-dimensional pulse wave propagation in
heterogeneous flexible tubes [41], under the assumption that fluid
velocity is much smaller than pulse wave velocity:

kp
dP
dt

� A
du
dx

� 0 �1�

du
dt

� 1
ρ
dP
dx

� KRu � 0 �2�
where P is the fluid pressure, u is the fluid velocity, x is the coordinate
along the vessel, t is time, A is the cross-sectional area of the tube, ρ is
the fluid density, and KR is the viscous resistance per unit length of the
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tube. kp represents the local vessel compliance. Assuming that the iner-
tial and viscous forces �KRu� in the vessel wall are negligible (a reason-
able assumption for larger vessels [49]), the cross-sectional area (A) of
the vessel depends linearly on the pressure alone:

A � A0 � kp P � P0� � �3�
where A0 is the vessel area at the reference pressure, P0. The equation
(3) is the Bramwell Hill equation, which computes the compliance from
the ratio of the changes of cross-sectional area to changes to pressure,

kp � ΔA=ΔP �4�
where, ΔA; ΔP represent the changes in the lumen area and pressure
respectively. Among various approaches to solving differential equa-
tions, one approach is to use an implicit 4-point primitive finite differ-
ence method to solve for u�x; t� and P�x; t� over discretized spatial �x�,
and temporal �t� dimensions for the above equations. The detailed
computational model solving equations (1) to (3) is described in one of
our earlier studies in [41].

In the context of the inverse problem, we have direct PWI measure-
ment inputs, more specifically, arterial wall motion and blood flow
velocity, along with assumptions on the underlying physics. The objec-
tive of the inverse problem is to estimate the unknown compliance of
the arterial wall. In our previous work [41], we employed a gradient-
based optimization technique to address this inverse problem, solving
the forward problem (or governing equations) using finite-difference
methods at each iteration of the optimization process. However, this
approach necessitates knowledge of the inlet and outlet boundary condi-
tions and can be sensitive to measurement noise. Recently, several data
science-based approaches have emerged for solving inverse problems,
among which the PINN stands out. PINNs allow for solving the underly-
ing differential equations without requiring boundary condition knowl-
edge and are more robust in the presence of measurement noise, as the
neural networks learn from the measured data. In the following section,
we describe the PINN model utilized in this study.

Physics-informed neural network

To address the inverse problem, we employ a PINN approach [46],
where the solution of partial differential equations (PDEs) is parameter-
ized by a neural network (NN), and the physics (residual of the PDEs) is
included in the cost function. We utilize a multiscale Fourier network
architecture, which is well-suited for multiscale problems such as pulse
wave propagation, characterized by higher frequency content in the
time dimension (t) compared to the position dimension (x). The neural
network consists of three layers with 64 units each and uses tanh
Figure 1. A schematic of the considered neural network structure in the pro-
posed PINN model is shown here. The neural network structure consists of input
layer of space and time points, Fourier Feature Mapping layer, fully con-
nected 3 layers with 64 neurons and tanh activation function, multiscale
spatiotemporal feature layer followed by the output layer of lumen area,
flow velocity, and pressure.

3

activations. The Fourier mapping scale is set to 1 and 5 for time and 1
for space. Figure 1 illustrates the structure of the PINN used in this
study.

Nondimensionalization is performed to ensure that the terms in the
cost function are of the same order of magnitude. The characteristic vari-
able for length is chosen to be the square root of the mean cross-sec-
tional area of the vessel, and the velocity is normalized by its peak value
across the measured field of view. Inputs are normalized to have zero
mean and unit variance to enhance the robustness of neural network
training via back-propagation. The PDEs are included as an error term,
with derivative terms calculated using automatic differentiation. Conse-
quently, the total loss function, Ltotal, consists of the residual from the
PDE term LPDE , and the data misfit term LData:

Ltotal � wDataLData � wPDELPDE; LData � ∑∥NN θ; x; t� � � A;u� �∥2
NxNt

; �5�

LPDE � ∑
∥kp dP

dt � A du
dx ∥

2 � ∥ du
dt � 1

ρ
dP
dx ∥

2

NxNt
�6�

where Nx and Nt are the number of spatial and temporal samples, respec-
tively. The weights wData and wPDE are associated with the data loss and
PDE loss terms. In this work, these weights are kept constant at 0.04 and
100, respectively, consistent with the numerical order of each term in
the loss function. While we verified that the results do not change signif-
icantly with variations in the weight terms, future work will involve
optimizing these weights.

With respect to the training data size, because of the considered GPU
(Quadro RTX 5000) memory constraints (approximately 16 GB RAM on
GPU), we reduced the dataset, specifically in the time dimension by
focusing on one complete cycle of data yielding a dimension of less than
8333/3 = 2778 (based on a pulse repetition frequency of 8333 Hz and
three-angle compounding), and in the spatial dimension all the 128 ele-
ments data of the L7-4 transducer considered in our PWI+VFI frame-
work that we use for clinical, in vivo studies in human subjects. It is
important to note that we utilized the GPU in its full capacity by consid-
ering the latest TensorFlow module optimized for this GPU. This
approach yields a typical training data size of (128 × 2778) for both
wall motion and flow velocity matrices, where the first dimension repre-
sents the lateral spatial direction, and the second dimension corresponds
to time. Here note that this study considers the 1D version of the govern-
ing equations, so both wall and flow velocity data are along the length of
the artery (lateral direction) and the flow velocity matrix reflects the
peak systolic velocity occurring at the centerline of the lumen over time.

In the optimization process, the wall compliance (kp) is optimized
along with the weights and biases (θ) of the neural network. Optimiza-
tion is performed using the Adam optimizer with a learning rate of
0.001, a decay rate of 0.8, and a fixed iteration of 20,000. While these
parameters were selected based on our previous studies in [45,46], we
plan to conduct a comprehensive analysis of their effects on the pro-
posed PINN model in future research.
Simulations for in-silico data

The numerical implementation of the 1-D wave propagation PDEs
(equations [1] to [3]) was utilized to generate three forward simulations
corresponding to three cases: (1) homogeneous, (2) stiffer plaque, and
(3) softer plaque. The Young’s modulus values for these cases are shown
in Figure 2a. A raised cosine smoothing was applied to ensure a smooth
transition from a nominal Young’s modulus of 160 kPa to a maximum of
320 kPa for the stiffer plaque and 80 kPa for the softer plaque cases. The
selection of the base Young’s modulus at 160 kPa is based on our earlier
findings of the pulse wave velocity (PWV) of approximately 5 m/s in
the non-healthy study cohorts [50] and then back-calculating the
Young’s modulus (E) from the Moens-Korteweg equation,
PWV � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E:h=2rρ�1 � ν2�p
, where, typical wall thickness (h) is



Figure 2. The input Young’s modulus (a) and the inlet pressure boundary condition (b) for the 1-D pulse wave propagation simulation are presented here. The blue,
red, and yellow colors in (a) show the considered Young’s modulus distribution in the in silico homogenous, stiffer plaque and softer plaque cases respectively.
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approximately 0.75 mm, lumen radius (r) is approximately 3 mm, the
blood density (ρ) is 1060 kg=m3, and the Poisson’s ratio (ν) is 0.5 for the
soft tissues. Regarding the Young’s modulus of the plaque, literature
presents a broad range of values [51]. In this study, we considered not
only 320 kPa for the stiffer plaque and 80 kPa for the softer plaque, but
also 750 kPa and 40 kPa for the stiffer and softer plaques, respectively
(see Fig. 16, Fig. 17). With respect to the boundary conditions, an inlet
pressure boundary condition shown in Figure 2b, and an outlet resis-
tance boundary condition of R = 1.e-4 ms-1Pa-1 were applied to solve
the governing equations. The inlet pressure boundary condition used in
this simulation study is derived from pulse pressure measurements
obtained by our clinical ultrasound setup from a healthy subject, while
the outlet resistance boundary condition is based on observations
reported previously [41]. The problem domain considered a representa-
tive length of 40 mm and a total time of 0.75 seconds. The reference
compliance against which the estimated compliance from the PINN
model is assessed was computed using the Bramwell Hill model (equa-
tion (4)) on the simulated data.
Figure 3. This schematic illustrates the phantom experiment setup utilized in
this study. A peristaltic flow pump generates the flow of Doppler fluid through
the phantom lumen. The phantom is encased in gelatin, simulating the surround-
ing tissue of the common carotid artery. An acoustic absorber is positioned at the
bottom of the phantom setup to eliminate any ultrasound reflections from the
base. Additionally, we limited our experimental observations to the prestenotic
region, as the assumptions of the underlying model are significantly violated in
the post-stenotic region due to the presence of turbulence and other related fac-
tors (see the Discussion section for further details).
Phantom experiments

For the phantom experiment, we used in-house made polyvinyl alco-
hol (PVA) based arterial mimicking phantoms. Following the steps out-
lined in [32], we constructed three phantoms: (1) a straight vessel (no
plaque), (2) a stenotic vessel with stiffer plaque, and (3) a stenotic vessel
with softer plaque. The stenotic vessels have a 63% degree of stenosis,
representing the maximum percentage of the arterial wall inner diame-
ter occluded by the stenosis. The straight phantom underwent six freeze-
thaw cycles. For the stenotic vessel with a stiffer plaque, the plaque was
first generated through six freeze-thaw cycles. This plaque was then
placed inside another mold, and additional PVA material was poured
around it. The entire setup underwent an additional six freeze-thaw
cycles to create the stenotic vessel with stiffer plaque. In the case of the
softer plaque, the phantom wall was initially generated through four
freeze-thaw cycles, followed by pouring PVA material only for the pla-
que. This complete setup then underwent an additional two freeze-thaw
cycles to form the stenotic vessel with softer plaque. The corresponding
B-mode images are shown in Figure 5. Additionally, we investigated the
effect of ultrasound scatterers in the surrounding tissue for the straight
phantoms by incorporating graphite (6% of the total volume) within the
gelatin mix used to mimic the surrounding tissue of the human common
carotid artery. Finally, mechanical testing, that is, uniaxial compressive
test using Instron 5866 machine (Instron Corporation, Norwood, MA,
USA) along with Bluehill Universal software v3.0 was performed to
4

check the stiffness estimate of each of the considered cases (for straight
part of the stenotic phantom: E0 � 30 kPa; for plaque specimen in stiffer
plaque phantom: E0 � 95 kPa; for plaque specimen in softer plaque
phantom: E0 � 12 kPa) details of which are available in [32].

Figure 3 shows a schematic of the phantom setup considered in this
study. A computer-controlled displacement pump (CompuFlow 1000,
Shelley Medical Imaging Technologies, Toronto, Canada) was connected
to both the inlet and outlet of the phantom to circulate a blood-mimick-
ing fluid (Doppler Fluid, Model 769DF, CIRS, Norfolk, VA, USA). The
pump generated physiological pulsatile flow with a waveform resem-
bling that of the common carotid artery [52], with an amplitude of
10 mL/s. The total duration of each pump cycle was set to 1.9 seconds,
comprising 0.9 seconds of a common carotid artery flow waveform fol-
lowed by a 1-second interval. This interval allows for the attenuation of
reflections from the previous cycle, effectively eliminating the influence
of reflected waves on the forward wave of the new cycle. The propaga-
tion of the pulse wave and blood flow was monitored throughout the
phantom using PWI and VFI techniques, which are described in the fol-
lowing section.



Figure 4. A flowchart of the Pulse Wave Imaging (PWI) and Vector Flow Imaging (VFI) pipeline is shown here. The process consists of the following steps: (1) Ultra-
sound acquisition with plane wave coherent compounding with 3 angles and Delay-and-sum (DAS) beamforming are applied. (2) In the pulse wave imaging pipeline,
subsequently GPU-based 1D normalized cross-correlation is applied on the manually segmented top and bottom walls to get the axial wall velocity. (3) In the VFI pipe-
line, a singular value decomposition filter is applied to separate out the wall motion first followed by the 1D normalized cross-correlation in both axial and lateral direc-
tions to get the velocity of the blood flow. Together the wall and flow velocities will be used in the proposed framework to estimate the underlying material properties
of the arterial wall.
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Pulse wave and VFI

A flowchart of the PWI and VFI setup is illustrated in Figure 4. In the
PWI pipeline, high frame rate (3 kHz) ultrasound channel data are
acquired using a 128-element L7-4 linear array (Philips Healthcare, And-
over, MA, USA) operating at a center frequency (Fc) of 5.2 MHz, with a
bandwidth of 4-7 MHz (58%), in conjunction with a Vantage 256
research ultrasound system (Verasonics, Seattle, Washington, United
States) with a pulse repetition frequency of 8333 Hz. To ensure sufficient
image quality and maintain a high frame rate, coherent compounding
with three plane wave angles (-2°, 0°, 2°) is employed according to
[53]. Delay-and-sum (DAS) beamforming is applied to the acquired
channel data to produce full radiofrequency (RF) frame sequences [53].
A sub-sample GPU-based 1D normalized cross-correlation algorithm is
then used to obtain displacement values. The carotid wall is manually
segmented to extract the axial wall velocities of each wall. To eliminate
potential rigid motion, the velocity at the bottom wall is subtracted from
the velocity at the top wall. Linear regression is employed to calculate
the slope of the peak wall acceleration, which is the estimation of the
pulse wave velocity (PWV) [54].

In the VFI framework, blood flow is estimated by tracking the 2D
motion of blood scatterers using speckle tracking [34]. Singular value
decomposition (SVD) is performed to eliminate the slow motion of the
arterial wall [55]. Subsequently, a 1D normalized cross-correlation ker-
nel is applied to consecutive filtered RF frames in a 2D search. This is
done using a kernel size of 1.4784 mm with an overlap of 1 axial sample
(0.01848 mm) to estimate the inter-frame displacements of the blood
scatterers. The resulting inter-frame displacements are then normalized
by the frame rate to obtain the axial and lateral flow velocity compo-
nents.
Figure 5. B-mode images of the phantoms of (a) straight homogenous, (b) stiffer plaq
ited our experimental observations to the pre-stenotic region, as the assumptions of t
the presence of turbulence and other related factors (see the Discussion section for fur
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Convergence metrics

To ensure the convergence of the proposed PINN model, the result-
ing wall motion and flow velocity from the PINN model were compared
with the corresponding actual values for both simulated and phantom
cases. The normalized difference was computed using the following
equation (7). This comparison helps validate the accuracy and robust-
ness of the PINN model in estimating the desired parameters.

Normalized difference � PINN output � Reference value
∥Reference value∥2

�7�
To compare the estimated compliance �kestimatedp � with the reference

value �krefp � in the in silico study, we calculated the percentage bias using,

bias � ∥kestimated
p x� � � krefp x� �∥

∥krefp x� �∥ ×100 �8�
Results

In silico experiments

Figure 6 (a and b) illustrates the wall motion and flow velocity for
the straight homogeneous case from the 1D simulation. The correspond-
ing outputs from the PINN model are presented in Figure 6 (c and d),
respectively. The normalized differences between the PINN model
results and the 1D simulation results are shown in Figure 6 (e and f) for
wall motion and flow velocity, respectively. There is a strong agreement
between the PINN results and the actual 1D simulation results, with a
maximum difference of 0.03% and 0.04% for wall motion and flow
velocity respectively in the region of interest (marked by red colored
ue, and (c) softer plaque compared to the wall material are shown here. We lim-
he underlying model are significantly violated in the post-stenotic region due to
ther details).



Figure 6. In-silico wall motion and flow velocity for the homogeneous case are shown in (a) and (b), respectively. The corresponding PINN outputs are displayed in (c)
and (d). The normalized differences between the in-silico data and the PINN outputs are presented in (e) and (f). The region of interest (marked with a red box) is
chosen based on the location of the propagating wave. The maximum differences in the region of interest for wall velocity and flow velocity are 0.03% and 0.04%
respectively.

Figure 7. In-silico wall motion and flow velocity for the stiffer plaque case are shown in (a) and (b), respectively. The corresponding PINN outputs are dis-
played in (c) and (d). The normalized differences between the in-silico data and the PINN outputs are presented in (e) and (f). The region of interest (marked
with a red box) is chosen based on the location of the propagating wave. The maximum differences in the region of interest for wall velocity and flow veloc-
ity are 0.13% and 0.18% respectively. The area between the black dashed lines indicates the region where wall stiffening occurred.
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box in Fig. 6). The region of interest was chosen based on the location of
the primary propagating wave.

Similar analyses were performed for the 1D model with a stiffer pla-
que, as described in the Materials and Methods section. The wall motion
and flow velocity for this case are presented in Figure 7 (a and b), with
the corresponding outputs from the PINN model shown in Figure 7 (c
and d). The normalized differences are depicted in Figure 7 (e and f) for
wall motion and flow velocity, respectively. The match between the
PINN model and the 1D simulation results is well within the acceptable
limit, with a maximum difference of 0.13% and 0.18% respectively for
the wall motion and flow velocity in the region of interest.

For the 1D model with a softer plaque, the wall motion and flow
velocity are shown in Figure 8 (a and b), while the corresponding out-
puts from the PINN model are presented in Figure 8 (c and d). The nor-
malized differences for these quantities are shown in Figure 8 (e and f),
respectively. Similarly, the agreement is deemed good with a maximum
difference of 0.12% and 0.11% respectively for the wall motion and flow
velocity in the region of interest. These results demonstrate the accuracy
and robustness of the PINN model in estimating wall motion and flow
velocity across different cases, including homogeneous, stiffer plaque,
and softer plaque scenarios.

Subsequently, from the output area and pressure of the PINN model,
the compliance of the arterial wall and hence the pulse wave velocity
were obtained using the generalized linear pressure �P� − area �A� rela-
tionship (equation [4]). The variations in compliance, and the estimated
lumen pressure and PWV for the three cases mentioned earlier are
shown in Figure 9 and Figure 10, respectively.

As expected, the compliance remained constant for the homogeneous
case (Fig. 9a), decreased in the middle section for the stiffer plaque
(Fig. 9b), and increased in the middle section for the softer plaque
(Fig. 9c). However, there was a consistent bias (1.41% for the homoge-
nous case, 3.95% for the stiffer plaque, and 8.10% for the softer plaque
cases) in the resulting compliance compared to the reference value. Cor-
respondingly, the estimated PWV was constant for the homogeneous
Figure 8. In-silico wall motion and flow velocity for the softer plaque case are shown
and (d). The normalized differences between the in-silico data and the PINN outputs a
sen based on the location of the propagating wave. The maximum differences in the r
tively. The area between the black dashed lines indicates the region where wall soften
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case, higher in the middle section for the stiffer plaque, and lower in the
middle section for the softer plaque (Fig. 10b). Additionally, the luminal
pressure over the cardiac cycle at the inlet (at the start of the transducer
lateral location) corresponding to the above considered three cases are
shown in Figure 10a. In the in-silico cases, the considered inlet pressure
(Fig. 2b) used to generate the in-silico data were considered as the refer-
ence to verify the PINN-estimated lumen pressure results as shown in
Figure 10a. In all the three considered cases, the estimated lumen pres-
sure was close to the reference value. The loss histories for these three
cases are presented in Figure 11, demonstrating the convergence and
stability of the PINN model during the training process.

Figure 12 illustrates the variation in compliance for the homoge-
neous case, comparing scenarios in which flow velocity was either
included or excluded from the analysis. The inclusion of flow data
resulted in a 13.84% increase in accuracy compared to the case without
the flow data. Both sets of results were compared against the reference
compliance value, highlighting the effectiveness of incorporating both
wall motion and flow velocity data for more accurate compliance esti-
mation.

Figure 13 presents the results corresponding to the effect of the inlet
pressure boundary condition. In this study, we considered three inlet
pressures with maximum values of 2, 10, and 20 kPa, as shown in
Figure 13a. The corresponding estimated lumen pressure at the inlet
along with the reference value (inlet pressure used to generate the in-sil-
ico data), loss history and the estimated compliance from the proposed
PINN model are depicted in Figure 13 (a to c), respectively. These results
highlight the model’s robustness and accuracy under varying inlet pres-
sure conditions. However, a bias of approximately 10�10 m2=Pa (less
than 10%) was observed when compared to the reference compliance,
as indicated in Figure 15a.

Figure 14 (a and b) show the loss history and compliance variation
results for three different values of resistance boundary condition at the
outlet. This analysis demonstrates the effect of the outlet boundary con-
dition on the proposed model. The results confirmed that the PINN
in (a) and (b), respectively. The corresponding PINN outputs are displayed in (c)
re presented in (e) and (f). The region of interest (marked with a red box) is cho-
egion of interest for wall velocity and flow velocity are 0.12% and 0.11% respec-
ing occurred.



Figure 9. Variations of the compliance corresponding to the (a) homogeneous, (b) stiffer plaque, and (c) softer plaque are shown here. The reference compliance
(shown in red color) is obtained using the Bramwell Hill model (equation [4]) on the respective in-silico data. The percentage difference between the estimated and
the reference compliance are computed using equation (8) which yields 1.41% in the homogeneous, 3.95% in the stiffer plaque and 8.10% in the softer plaque case.
Here note that in equation (8), L2-norm is used to compute the differences which includes the differences in both wall and plaque region together.

Figure 10. (a) The estimated lumen pressure at the inlet from the proposed PINN model along with the reference inlet pressure that was used to generate the in-silico
data are shown here. (b) The resulting estimated pulse wave velocity (PWV) from the PINN model for the in-silico data is presented here. The Bramwell-Hill equation
is used to compute PWV from compliance.
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model maintains its accuracy and stability across different outlet resis-
tance values, further validating its robustness in various boundary condi-
tion scenarios. However, similar to the previous cases, there was a bias
of approximately 10�10 m2=Pa (less than 8%) compared to the reference
compliance, as indicated in Figure 15b.

Additionally, we assessed the performance of the proposed inverse
model across varying stiffness levels (or compliance). The Young’s mod-
ulus values considered are illustrated in Figure 16a, while the corre-
sponding compliance outputs from the proposed model are shown in
Figure 11. The proposed PINN model’s loss history for the three cases in 1D
simulated data is shown here.
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Figure 16b. The model captured the inverse relationship between com-
pliance and Young’s modulus, demonstrating lower compliance for
higher Young’s modulus and vice versa. Also, the model effectively iden-
tified localized changes in compliance resulting from variations in
Young’s modulus. Furthermore, the effect of the plaque length on the
performance of the proposed PINN model was studied through consider-
ing 6 mm and 10 mm length plaques. The input Young’s modulus and
the corresponding compliance output from the PINN model for this
study are presented in Figure 17 (a and b) respectively. While the model
accurately captured the localized length of the plaque, it yielded the
combined compliance of the plaque embedded within the vascular wall,
which differs from the corresponding point values of the Young’s modu-
lus.

Phantom study

For the phantom experiment data, we followed the same steps with
the PINN model as those used for the 1D simulation data. The results for
the phantoms with stiffer and softer plaques are shown in Figure 18 and
Figure 19, respectively. Specifically, in both cases, the subplots (a) and
(b) show the wall motion and flow velocity of the respective phantoms,
the subplots (c) and (d) present the corresponding outputs from the pro-
posed PINN model, while the subplots (e) and (f) display the normalized
differences between the measured data from the experiments and the
estimated data from the PINN model. In both cases, the percentage dif-
ference is within the acceptable limit (0.27% and 1.35% for wall motion
and flow velocity, respectively in the region of interest for stiffer plaque
case and 0.73% and 1.20% for wall motion and flow velocity, respec-
tively, in the region of interest for softer plaque case). Agreement
between the measured data from the experiments and the estimated



Figure 15. The resulting bias in percentage is presented corresponding to varying inlet pressure (a) and outlet resistance (b) respectively. The reference compliance in
both cases is obtained using the Bramwell Hill model (equation 4) on the respective in silico data.

Figure 12. Comparison of compliance variation between cases with and without consideration of fluid flow are shown in (a). The resulting bias in percentage is shown
in (b). The reference compliance (shown in blue color in subfigure (a) is obtained using the Bramwell Hill model (equation 4) on the in silico data.

Figure 13. Results for three different inlet pressure cases are shown here. (a) Estimated lumen pressure at the inlet along with the Inlet pressures (reference) used to
generate the in-silico data, (b) loss history, and (c) estimated compliance from the proposed PINN model are presented here.

Figure 14. (a) The iteration history and (b) compliance variation corresponding to 3 considered resistance outlet boundary conditions are shown.
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Figure 16. The results from the PINN model illustrating the effects of varying Young’s modulus are presented here. (a) displays the Young’s modulus values considered
in the study, while (b) shows the corresponding output compliance from the proposed PINN model. The model captured the inverse relationship between compliance
and Young’s modulus, demonstrating lower compliance for higher Young’s modulus and vice versa. Additionally, the model effectively identified localized changes in
compliance resulting from variations in Young’s modulus.

Figure 17. The results from the PINN model illustrating the effects of varying plaque length are presented here. (a) Assigned Young’s modulus values considered in
the study, (b) Corresponding output compliance from the proposed PINN model. While the model accurately captured the localized length of the plaque, it correctly
yielded the combined compliance of the plaque embedded within the vascular wall.

Figure 18. Phantom experiment wall motion and flow velocity for the stiffer plaque case are shown in (a) and (b). The corresponding PINN outputs are displayed in (c)
and (d). The normalized differences between the measured data and PINN outputs are presented in (e) and (f). The region of interest (marked with a red box) is chosen
based on the location of the propagating wave. The maximum differences in the region of interest for wall velocity and flow velocity are 0.27% and 1.35% respectively.
The area marked by the black dashed line and arrow highlights the region containing the stiffer plaque in the phantom setup.
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Figure 19. Phantom experiment wall motion and flow velocity for the softer plaque case are shown in (a) and (b). The corresponding PINN outputs are displayed in (c)
and (d). The normalized differences between the measured data and PINN outputs are presented in (e) and (f). The region of interest (marked with a red box) is chosen
based on the location of the propagating wave. The maximum differences in the region of interest for wall velocity and flow velocity are 0.73% and 1.20% respectively.
The area marked by the black dashed line and arrow highlights the region containing the softer plaque in the phantom setup.
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data from the proposed PINN model can be further improved with a
higher number of iterations.

The resulting estimated PWV for all three cases is shown in Figure 20.
As expected, the PWV variation is constant for the non-stenotic region,
increases within the plaque region for the stiffer plaque, and decreases
within the plaque region for the softer plaque. These results demonstrate
the effectiveness of the PINN model in capturing the localized estimated
PWV in stenotic phantoms.
Figure 20. The resulting pulse wave velocity (PWV) from the PINN model for
the stenotic phantom experiment data is presented here. The lateral length
(range of (x)) corresponds to the same dimensions as those depicted in the B-
mode images shown in Figure 5. The post-stenotic region is excluded from this
analysis due to the violation of the governing equations caused by the complex
flow profile, which includes turbulence.
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Table 1 shows the estimated Young’s modulus derived from the pro-
posed PINN model alongside the results from uniaxial compression tests.
In the PINN model, the Moens-Korteweg equation is utilized to calculate
Young’s modulus based on the estimated pulse wave velocity. While
these results effectively distinguish between stiffer and softer plaque
phantoms, it is important to note that the uniaxial compression test
results do not provide a direct comparison, as discussed in the Discussion
section.
Effect of surrounding material

In this subsection, we present the results regarding the impact of sur-
rounding tissue on the proposed inverse model. Specifically, we con-
ducted two phantom experiments: the first case involved no ultrasound
scatterer in the background, the second case included graphite as the
ultrasound scatterer. An axial depth of approximately 25 mm was
selected for all three phantom cases, as this depth is typically observed
Table 1
Estimated Young’s modulus from the proposed PINN model and
uniaxial compression test are presented here

Phantom cases Young’s modulus (kPa)
Proposed PINN model Uniaxial compression

Pre-plaque region 13.87 30
Stiffer plaque 20.62 95
Softer plaque 4.75 12

For the results from the PINN model, Moen’s Korteweg equation is
applied to compute the Young’s modulus from the estimated pulse
wave velocity. Here note that while these mechanical testing
results help us determine whether we have produced stiffer or
softer plaque phantoms, it does not provide a direct one-to-one
comparison, as the stiffness of the embedded plaque within a dif-
ferent stiffness wall will differ from the uniaxial mechanical testing
of a single material cube specimen.



Figure 21. B-mode images of the phantom setups used to study the effect of surrounding tissue. (a) displays the case without any scatterer in the gelatin background,
while (b) illustrates the case with graphite as ultrasound scatterers inside the gelatin background.
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in vivo in common carotid artery assessments [56]. The B-mode images
from these experiments are shown in Figure 21, highlighting the pres-
ence of scatterers (higher echogenicity) in the graphite case
(Figure 21b) compared to the no-scatterer case (Figure 21a). The corre-
sponding PINN outputs are presented in Figure 22, where the resulting
compliances are found to be quite similar. The small discrepancies
observed are attributed to the variability inherent in the PVA phantom
manufacturing process used in this study.

Discussion

In this study, we propose a PINN-based inverse approach for estimat-
ing localized pulse wave velocity, particularly in arteries with athero-
sclerotic plaques. Our approach leverages both wall motion and fluid
flow data obtained from PWI and VFI pipelines, respectively. The gov-
erning 1D differential equations, as outlined in the equations (1) to (3),
are incorporated into the PINN framework to ensure the model adheres
to the underlying physics. The proposed method was validated using 1D
simulation results and its performance was further assessed with artery-
mimicking phantoms.

For the straight homogeneous system, 1D simulation studies showed
that the percentage difference between the PINN outputs and the
Figure 22. Variation in compliance resulting from the proposed PINN model for
the two phantom setups: one case without any scatterers in the background gela-
tin and the other case featuring graphite as background scatterers are presented
here.
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reference quantities is smaller compared to the heterogeneous cases
with either stiffer or softer plaques. This observation is also reflected in
the loss history plot (Figure 11) as well as the resulting bias in the com-
pliance estimation. The increased discrepancy in heterogeneous cases is
primarily due to the violation of the assumptions in the underlying dif-
ferential equations. This violation arises due to the reflection effects
from the changes in material and geometric properties due to the pres-
ence of plaques. Although we set a high number of iterations to achieve
acceptable wall motion and flow velocity results, convergence is slower
due to the simplified governing differential equations used in the PINN
model. In addition to the compliance, the lumen pressure over the car-
diac cycle at the inlet from the proposed PINN model was compared
with the reference inlet pressure that was used to generate the in-silico
data (Fig. 10a). Here also, the estimated lumen pressure is close to the
reference value. The resulting pulse wave velocity are presented in
Figure 10b indicating the localized changes in the heterogenous cases
according to its stiffness.

The effect of incorporating flow data was examined in Figure 12. As
expected, including flow data enabled the proposed inverse model to
converge to compliance values closer (13.84% more) to the reference
values, which were computed using Bramwell-Hill equation (4) for
known geometric and material properties. To demonstrate the robust-
ness of the proposed inverse model with respect to inlet and outlet
boundary conditions, we varied the magnitude of the inlet pressure and
the resistance at the outlet boundary (Fig. 13 and Fig. 14). While a bias
(≈10�10 m2=Pa (less than 10%)) effect was observed, the model success-
fully converged to the reference compliance and lumen pressure value at
the inlet within the considered ranges of these boundary conditions.
Additionally, we investigated the performance of the proposed inverse
model with varying stiffness and plaque length, as presented in Figure 16
and Figure 17 respectively. Our observations indicate that the estimated
compliance aligns with the corresponding Young’s modulus variation.
However, the model yielded the combined compliance of the plaque
embedded within the vascular wall, which differed from the correspond-
ing point values of Young’s modulus.

The proposed model effectively captured localized changes in
compliance and pulse wave velocity, as illustrated in Figure 9 and
Figure 10 respectively for the 1D simulated data. The observed biases
in compliance estimation when compared with the Bramwell-Hill
equation are 1.41% for the homogenous case, 3.95% for the stiffer
plaque, and 8.10% for the softer plaque in the simulation cases. The
reader should note that the underlying assumptions of the Bramwell-
Hill equations are violated in the case of a stenotic artery. Addition-
ally, we have errors in which the underlying partial differential equa-
tions (PDEs) are solved; specifically, we did not utilize the boundary
conditions as typically required in standard PDE solutions.
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Furthermore, in heterogeneous cases, deviations from the assump-
tions inherent in the linearized version of the PDEs contribute to
inaccuracies. Consequently, all these factors led to biases in the
resulting compliance estimations in both stenotic and non-stenotic
regions. Additionally, we observed a higher bias in the compliance
values for the softer plaque cases compared to the stiffer plaque cases
in our current PINN framework consistently across all the cases con-
sidered. The underlying reasons for this higher bias are not fully
understood at this stage and warrant further investigation in future
studies.

In the phantom studies, the model captured the localized changes in
pulse wave velocity, as illustrated in Figure 20. However, this work pri-
marily focused on the pre-plaque and plaque regions in the phantom
studies to avoid the complexities associated with vortex formation and
other intricate flow profiles present in the post-plaque region, which
could violate the inherent assumptions of the governing PDEs. Incorpo-
rating these complex flow profiles will be feasible when extending the
PINN model from 1D to 2D or 3D, with the corresponding adjustments
to the neural network architecture. Future research that combines 3D
fluid-structure interaction simulations with successive Field-II simula-
tions could be particularly useful in verifying such a higher-dimensional
PINN model.

Additionally, the estimated Young’s modulus derived from the pro-
posed PINN model are compared with the corresponding uniaxial com-
pression test results in Table 1. We should note that the mechanical
testing method employed in this study yields the Young’s modulus of
the cube specimens formed at the same time as the arterial phantoms
used in the study. While these mechanical testing results help us deter-
mine whether we have produced stiffer or softer plaque phantoms, they
do not provide a direct one-to-one mapping, as the stiffness of the
embedded plaque within a wall of distinct stiffness will differ from the
uniaxial mechanical testing of a single material cube specimen.

Furthermore, in the phantom study, we examined the effect of sur-
rounding tissue by incorporating ultrasound scatterers into the back-
ground gelatin. As shown in Figure 22, the resulting compliance value
for the case with graphite in the background gelatin is quite similar to
the no background scatterer case. Although the presence of ultrasound
scatterers introduces aberration effects, the characteristic shapes of wall
motion and flow velocity remained consistent in between these two
cases. This consistency can be attributed to the relatively shallow axial
depth of approximately 25 mm, which reflects typical in vivo conditions
in the common carotid artery. Consequently, even though the proposed
PINN model did not account for background tissue information, it con-
verged to similar compliance values for both scatterer and no scatterer
cases. The small discrepancies observed in Figure 22 couldbe attributed
in part to the variability inherent in the PVA phantom manufacturing
process used in this study. Another observation to note is the slightly
increased echogenicity detected in the posterior background compared
to the anterior background, as shown in the B-mode images of Figure 21.
This disparity is attributed to artifacts arising from ultrasound beam-
forming and multiple reflections stemming from the bottom and sides of
the phantom setup.

In terms of computational time, the specified 20,000 iterations took
less than 1 hour to complete on an NVIDIA GPU Quadro RTX 5000.
Future work will focus on adjusting the number of iterations based on
problem convergence to reduce computational time for simpler geome-
tries and material properties. Additionally, GPU memory allocation for
allowing the entire space-time data from the experiment in the proposed
model was challenging even when solving a 1D pulse wave propagation
problem. Currently, we addressed this through temporal truncation and
focused only on the single wave propagation region. In future studies,
we will optimize the model to work at sufficiently low framerate without
jeopardizing sampling for PWI and VFI while allowing reduction of the
computational time and potentially permitting real-time applications at
multiple cardiac cycles. In this regard, we will also look into the use of
various recently implemented solver for inverse problems such as
13
Optimizing a DIscrete Loss (ODIL) [57] and others for this application to
reduce the computational time for the real time implementation.

This study considered the linearized version of the governing equa-
tions; however, incorporating nonlinearity will be more applicable for
arteries with plaques and will be addressed in future research. Further-
more, arterial walls exhibit viscoelastic properties; however, this study
did not account for the viscosity term. In future version of the model, we
plan to investigate viscoelasticity by incorporating the relevant term
into the governing equations and then validating with the respective vis-
coelastic phantoms. In this regard, we also plan to enhance our phantom
setup by utilizing different materials and/or higher concentration PVA
along with the higher number of freeze-thaw cycles to better replicate
the stiffness characteristics of the human common carotid artery tissue
(in the current phantom setup, we observed pulse wave velocity of
2 m/s while the observed pulse wave velocity is 4 m/s for in vivo human
common carotid arteries in healthy cohorts). Additionally, adaptive
weight terms will be explored to replace the manually adjusted weights
used in this study, consistent with the numerical orders of each term in
the loss function (equation 5). When additional information related to
inlet and outlet boundary conditions is available, it can be incorporated
into the loss function to facilitate more accurate convergence.

Conclusion

This study demonstrated the potential of a novel PINN-based inverse
approach for estimating localized wall compliance, particularly in arter-
ies with plaques. We leveraged both wall motion and fluid flow veloci-
ties obtained from PWI and VFI pipelines, respectively, and
incorporated the governing 1D differential equations into the PINN
framework to adhere the model to the underlying physics. The proposed
method was validated through 1D simulations and further assessed
using artery-mimicking phantoms, demonstrating its feasibility for in
vivo applications. The results presented showed that the proposed PINN
model effectively captures localized changes in compliance and pulse
wave velocity across different scenarios, including homogeneous geome-
tries but also bearing stiffer and softer plaques. The model’s robustness
was further validated by its ability to handle varying inlet pressure and
resistance boundary conditions, maintaining accuracy within acceptable
limits. Additionally, the inclusion of flow data improved the model’s
convergence to compliance values closer to the reference values. The
proposed inverse approach thus offers a promising avenue for non-inva-
sive assessment of arterial health, with future extensions to incorporat-
ing non-linearity into the governing equations and extending to 2D or
3D models expected to further enhance its clinical utility.
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